We introduce a new approach to obtaining pointwise estimates for solutions of elliptic boundary value problems when the operator being considered satisfies a certain type of weighted integral inequalities. The method is illustrated on several examples, including a scalar second-order elliptic equation, the 3D Lamé system, and a scalar higher-order elliptic equation. The techniques can be extended to other elliptic boundary value problems provided that the corresponding weighted integral inequalities are satisfied.
Introduction
An important open problem in the mathematical theory of linear elasticity is whether solutions of the elasticity system, when supplemented with homogeneous Dirichlet boundary conditions and sufficiently smooth right-hand side data, are uniformly bounded in arbitrary domains. A similar question stands in the theory of hydrostatics, where the uniform boundedness of solutions of the Stokes system in general domains remains unknown. For bounded domains Ω with smooth boundaries ∂Ω, inequalities of the form
can often be obtained, by combining appropriate a priori estimates with Sobolev inequalities. The problem of such inequalities is that the constant C Ω generally depends on the smoothness of the domain Ω, and can blow up if the boundary of Ω contains geometric singularities.
Efforts have been devoted to the study of inequalities of the type (1.1) with constants independent of the domain Ω. In Xie (1991) , a sharp pointwise bound
was obtained for functions u with zero-trace and with L 2 -integrable gradient Du and Laplacian ∆u on arbitrary three-dimensional domains Ω. The constant (2π) −1 was shown to be the best possible. In Xie (1992) , a similar inequality with a slightly different best constant ((3π) −1 instead of (2π) −1 ) was conjectured for the Stokes system on arbitrary domains Ω ⊆ R 3 , and was proved in the special case Ω = R 3 . Further development and results along these lines can be found in Heywood (2001) and the references there in. Regarding the 3D Lamé system, estimates of the form (1.2) seem to be less well studied, and we are not aware of any results or conjectures similar to (1.2).
In this paper, we introduce a new approach to obtaining pointwise inequalities of the form (1.1) with constants independent of the domain Ω. The method works for elliptic operators L satisfying a weighted integral inequality
where the weight Φ is either the fundamental solution or Green's function of L. Weighted inequalities of the form (1.3) were first established for second-order scalar operators (see Section 3.1 below for a prototypical derivation), and were later generalized to certain higher-order scalar operators (Maz'ya, 2002) and second-order systems Maz'ya, 2007, 2010) . They have important applications in the regularity theory of boundary points, and have been studied extensively in Maz'ya (1977 Maz'ya ( , 1979 Maz'ya ( , 1999 Maz'ya ( , 2002 ; Maz'ya and Tashchiyan (1991); Eilertsen (2000) . By utilizing a slightly modified version of (1.3) (see (2.3) below), we shall show that the pointwise estimate (1.1) follows almost immediately from the weighted positivity of L, and the constant thus obtained is independent of the domain Ω. The method is illustrated on several concrete problems, including a scalar second-order elliptic equation, the 3D Lamé system, and a scalar higher-order elliptic equation. The techniques can be extended to other elliptic boundary value problems provided that the corresponding weighted integral inequalities are satisfied.
In what follows, W k,q 0 (Ω) denotes the usual Sobolev space of zero-trace functions, equipped with the norm
defined in a bounded domain Ω ⊂ R n (n ≥ 3) with real, measurable coefficients a ij (x). Suppose L satisfies the strong ellipticity condition
where C is an absolute constant depending only on λ, Λ, n, and s.
, where C is an absolute constant depending only on α and q. Theorem 1.3. Let L be an elliptic operator of order 2m,
where Ω is an arbitrary bounded domain in R n . If F is homogeneous of order 2m − n and L is weighted positive with the weight F , then |u|
where C is an absolute constant depending only on λ, Λ, m, n and q.
The proofs of Theorems 1.1-1.3 are given in Section 3.
The Notion of Weighted Positivity
Let Ω be a domain in R n and let L = (L i ) N i=1 be a scalar elliptic operator (N = 1) or an elliptic system (N > 1) defined on Ω. Without making further structural assumptions on L, we recall first the abstract notion of weighted positivity.
Definition 2.1 (Weighted positivity). Assume that 0 ∈ Ω and that Ψ(x) = (Ψ ij (x)) N i,j=1 is a given (matrix) function that is sufficiently regular except possibly at
is said to be weighted positive (N = 1) or weighted positive definite (N > 1) with the weight Ψ if
The concept of weighted positivity is often more useful when the integral Ω Lu · Ψu dx in (2.1) has a positive lower bound. This motivates the following definition.
Definition 2.2 (Strong weighted positivity
is of order 2m, m ≥ 1, and that Ψ(x) = (Ψ ij (x)) N i,j=1 is a given (matrix) function that is sufficiently regular except possibly at x = 0. The operator L is said to be strongly weighted positive (N = 1) or strongly weighted positive definite (N > 1) with the weight Ψ if, for some c > 0,
for all real-valued, smooth vector functions
Here D k denotes the gradient operator of order k, i.e. D k = {D α } with |α| = k, and |Ψ| stands for the Frobenius norm of Ψ, i.e.
Among all possible candidates of the weight function Ψ, the special choice Ψ = Φ where Φ is the fundamental solution or Green's function of L is of the most interest. In particular, if L has constant coefficients and is strongly weighted positive in the sense of (2.2), with the weight Ψ = Φ, then it can be shown that, for all x ∈ Ω and for the same constant c as given in (2.2),
for all real-valued, smooth vector functions u = (u i ) N i=1 ∈ C ∞ 0 (Ω) (see, for example, Maz'ya, 2002). Estimate (2.3) is significant because it provides a pointwise bound for the test function u, and it serves as the basis of the estimates to be derived below in Section 3.
Proofs of the Main Theorems
3.1. Proof of Theorem 1.1. We shall show that the multiplicative inequality
holds for all s < n/(n − 2) with a constant C = C(λ, Λ, n, s) independent of the domain Ω, if u ∈ W 1,q 0 (Ω) and Lu ∈ L p (Ω). Inequality (3.1) will be obtained by a modification of weighted positivity of the operator L with zero Dirichlet boundary conditions. More precisely, let G(x, y) denote Green's function of L. Its existence and uniqueness are classical facts as well as the estimates
where c 1 and c 2 are positive constants depending on λ and Λ (see Royden, 1962; Littman et al., 1963) . By definition of a weak solution of the Dirichlet problem and by a standard approximation argument, we obtain, for almost all x ∈ Ω,
Hence for s < n/(n − 2),
where c 2 is the constant in (3.2). By Hardy's inequality, the last integral does not exceed
, thus (3.1) follows with
This completes the proof of Theorem 1.1.
Remark. Note that for L = −∆, we have c 2 = [(n − 2)ω n ] −1 where ω n is the measure of the unit (n − 1)-sphere S n−1 . In particular, for n = 3, s = 2, and L = −∆, we have p = 2, q = 2, and c 2 = (4π) −1 . Thus Theorem 1.1 implies that
. This is similar to the pointwise bound (1.2) obtained by Xie (1991) , but with a slightly worse constant (π instead of 2π).
Remark. Note that the inequality (3.1) fails for s = n/(n − 2). Indeed, when s = n/(n − 2), it is easily checked that p = n/2 and q = n. Let ζ ∈ C ∞ 0 [0, ∞) be a smooth cutoff function on R such that 0 ≤ ζ ≤ 1, ζ(x) = 1 for x ≤ 1/2, and ζ = 0 for x ≥ 1. Set
It is easily verified that u is unbounded in any neighborhood of x = 0 while
for small |x|, indicating that Du ∈ L n (R n ) and ∆u ∈ L n/2 (R n ). This violates (3.1).
3.2. Proof of Theorem 1.2. Let Φ be the fundamental matrix of the 3D Lamé operator L,
where δ ij is the Kronecker delta, r = |x|, and ω i = x i /|x|. The weighted positive definiteness of L with the weight Φ has been established in Luo and Maz'ya (2010) for certain ranges of the parameter α. By examining the proof of Theorem 3.1, it can be observed that L is in fact strongly weighted positive definite with the weight Φ, i.e.
(3.4)
Using Theorem 3.1, we shall show that the multiplicative inequality
holds on arbitrary bounded domains Ω ⊂ R 3 with a constant C = C(α, q) independent of the domain, provided that α − < α < α + , q < 3, u ∈ W 1,q 0 (Ω) and Lu ∈ L p (Ω). Inequality (3.5) will be obtained as an immediate corollary of the weighted positive definiteness of L. More precisely, the weighted inequality (3.4) implies that
. By definition of a weak solution and by a standard approximation argument, the same inequality can be proved for u ∈ W 1,q 0 (Ω) for which Lu ∈ L p (Ω). Hence for all such u and all q < 3, we have
where c α is the constant in (3.3b). By Hardy's inequality, the last integral does not exceed
, thus (3.5) follows with
This completes the proof of Theorem 1.2.
Remark. The hydrostatic limit α → ∞ of the 3D Lamé system lies unfortunately outside the regime of weighted positive definiteness, hence the uniform estimates of solutions of the 3D Stokes system, if they exist, cannot be deduced from the weighted inequality (3.4).
3.3. Proof of Theorem 1.3. Let F (x) denote the fundamental solution of L. It is well known that F exists for all n > 2m and is homogeneous of order 2m − n,
when n is odd (John, 1982) . When n is even, (3.6) may not be valid since terms of the order |x| 2m−n log|x| may occur in F . Under the assumptions that L is weighted positive with the weight F , i.e.
(3.7)
for all real-valued u ∈ C ∞ 0 (R n \{0}), and that F satisfies (3.6), we shall show that the multiplicative inequality
holds on arbitrary bounded domains Ω ⊂ R n with a constant C = C(λ, Λ, n, m, q) independent of the domain, provided that q < n/(n − 2m), u ∈ W k,q 0 (Ω) and Lu ∈ L q ′ (Ω). Like in the previous two theorems, inequality (3.8) will be obtained as an immediate corollary of the weighted positivity of L. More precisely, the weighted inequality (3.7) implies that
for all real-valued u ∈ C ∞ 0 (R n ) (see Maz'ya, 2002, Proposition 3) . By definition of a weak solution and by a standard approximation argument, the same inequality can be proved for u ∈ W k,q 0 (Ω) for which Lu ∈ L q ′ (Ω). Hence for all such u and all q < n/(n − 2m), we have This completes the proof of Theorem 1.3.
Remark. Note that for L = (−∆) m with 2m < n, (3.7) is satisfied if and only if n = 5, 6, 7 for m = 2 (Maz'ya, 1979) and n = 2m + 1, 2m + 2 for m > 2 (Maz'ya, 1997). In particular, for m = 2 and q = 2, we have q ′ = 2 and c 2 = [2(n − 2)(n − 4)ω n ] −1 where ω n = nπ n/2 Γ( 1 2 n + 1) is the measure of the unit (n − 1)-sphere S n−1 . Thus
, n = 5, 6, 7.
To the best of our knowledge, inequalities of this type have not been known before.
